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Approximating the Effects of Diffusion on Reversible Reactions at the
Cell Surface: Ligand-Receptor Kinetics

Byron Goldstein and Micah Dembo
Theoretical Biology and Biophysics Group, Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545 USA

ABSTRACT We consider the problem of determining the time dependence of the bound ligand concentration for the reversible
binding of a diffusing monovalent ligand to receptors uniformly distributed over the surface of a spherical cell. We start by
formulating a boundary value problem that captures the essential physics of this situation. We then introduce a systematic
approximation scheme based on the method of weighted residuals. By this means we convert the initial boundary value problem
into a simpler problem that requires solving only a small number of ordinary differential equations. We show how, at the lowest
order of approximation, the method can be used to obtain modified chemical rate equations where, in place of fundamental rate
constants, effective rate coefficients appear. These rate coefficients are functions of the ligand diffusion coefficient, the cell
radius, the receptor density and other variables. We compare exact and approximate solutions and discuss under what con-
ditions the approximate equations can be used. We also apply the method of weighted residuals to obtain approximate de-
scriptions of the binding kinetics when (1) there are two different cell surface receptor populations that bind the ligand and (2)

the cell secretes a ligand that can bind back to receptors on the cell (autocrine binding).

INTRODUCTION

In biological systems chemical reactions often occur between
reactants that are not well mixed. In many cases one of the
reactants is confined to a surface while the other is distributed
over a volume. Here we consider one important example, the
reversible binding of ligands to cell surface receptors.

For a ligand to bind to a cell surface receptor it must first
diffuse to the surface of the cell and then react with a re-
ceptor. Therefore, one expects that to predict the kinetics of
ligand-cell surface receptor binding one must solve a
diffusion-reaction problem with appropriate boundary and
initial conditions. Surprisingly, this is rarely done. Instead,
when ligand-cell surface receptor binding studies are ana-
lyzed, the full diffusion-reaction problem is approximated by
using a modified chemical rate equation (an ordinary dif-
ferential equation (ODE)). This modified rate equation has
the same form as for a well mixed system, except that the rate
constants have an unusual interpretation. They are in fact
effective rate coefficients that are nonlinear functions of the
density of cell surface receptor (DeLisi, 1983; Goldstein
et al., 1989).

The purpose of introducing effective rate coefficients is to
try to approximate two related effects that arise when re-
ceptors are confined to cell surfaces. The first such effect
(rebinding) occurs because a ligand that dissociates from one
receptor has a high probability of reacting with another re-
ceptor on the same surface instead of escaping into solution.
Such rebinding can significantly slow the rate of dissociation
(Goldstein et al., 1989). At high receptor densities the for-
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ward kinetics of a reaction is also affected because of com-
petition or screening. The rate of binding to the cell is no
longer proportional to the number of free receptors on the cell
surface but saturates with increasing receptor number as re-
ceptors compete for ligand and the reaction between ligand
and cell becomes diffusion limited (Schwartz, 1976; Berg
and Purcell, 1977; Erickson et al., 1987.)

Accounting for rebinding and competition effects by in-
troducing some sort of effective rate constants has intuitive
appeal. However, because of the ad hoc nature of this pro-
cedure, there are many uncertainties associated with the re-
sulting modified chemical rate equation. The first concerns
the accuracy of its solutions compared with those of the full
reaction-diffusion problem. If the accuracy is not acceptable,
how can one improve it? How can one generalize the equa-
tion to more complicated binding problems, e.g., competing
receptor populations, other geometries, and autocrine secre-
tion of ligand?

This paper is in two parts, the spirits of which are quite
different. In the first part (the following section) we review
the modified chemical rate equation, which we refer to as the
ad hoc approximation. Using heuristic arguments we gen-
eralize it to two cases: (1) that of autocrine binding where a
cell secretes a ligand that can bind back to the cell surface
and (2) that of a cell with two receptor populations on its
surface that bind the same ligand with different fundamental
rate constants.

In the second part of the paper we start from the diffusion-
reaction problem. In a systematic manner, we introduce an
approximation scheme that converts the problem of solving
a diffusion equation with nonlinear boundary conditions into
that of solving a set of coupled nonlinear ODE. We accom-
plish this by using the method of weighted residuals (MWR).
In the Appendix we show how the results in the first part
obtained in a purely ad hoc way, can be obtained system-
atically by using the MWR. We also show how the MWR can
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be used to obtain an equation that reduces to the ad hoc result
at long times but is more accurate than the ad hoc equation
at short times. Finally, for two examples for which the
diffusion-reaction problem is exactly solvable, we compare
the exact solution to the solutions of the ad hoc equation and
the equation obtained by using the MWR.

THE AD HOC APPROXIMATION

Before considering ligands binding to receptors confined
to surfaces, let us review the binding of ligands to re-
ceptors in solution. From the law of mass action we have
that, for a ligand at concentration L and a receptor at
concentration R, and their bimolecular complex (bound
receptor) at concentration B,

B =k LR — kB. (1)

If there are a total of R, receptors and L, ligands, then,
using mass conservation,

R =R+ B, (2a)

and

L.=L+B. (2b)

Substituting Eq. 2, a and b, into Eq. 1 we obtain a single
nonlinear ODE that describes the rate at which bound
complex is formed.

If L, R, and B are monodispersed in solution, then, with the
possible exception of very small diffusional transients, the
rate coefficients k, and k_ are constant. To be more precise,
these rate coefficients are independent of the time and of the
concentrations of the reactants, although they may depend on
hidden parameters such as the temperature and viscosity.
Because &, and £k, possess these qualities they are some-
times referred to as fundamental rate constants.

Now consider the ad hoc treatment of binding of li-
gands to cell surface receptors (reviewed in DeLisi, 1983;
Goldstein, 1989). In this approximation one assumes that
the chemical rate equation for surface binding has the
form

B = kLR — k.B. ©))

This is the same as Eq. 1 except that the fundamental rate
constants k, and kg, are replaced by effective rate co-
efficients, k; and k, and the uniform concentration L is
replaced by L, the ligand concentration far from the cell.
L is sometimes called the bulk ligand concentration. The
effective rate coefficients, which are not constant but
functions of the free receptor site concentration, are
introduced to account for competition and rebinding
effects that arise when the ligand concentration is
nonuniform.

If binding is modeled as follows: (1) diffusion of the ligand
to the cell surface; (2) formation of an encounter complex
(free ligand in close proximity to the cell surface); and (3)
binding to receptors on the surface and if the encounter com-
plex is in a quasi-steady state, then (Eigen, 1974, Shoup and
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Szabo, 1982)
kOll
= T Rk (42)
k
k off (4b)

'~ 1+ Rk_Jk,’

where k_ is the diffusion limited forward rate constant,
obtained by solving the diffusion equation in the steady
state with perfectly absorbing boundary condition (L = O at
r = a). For a ligand diffusing to a sphere that is very much
larger than itself,

k, = 47Da, (40)

where a is the radius of the sphere and D the diffusion co-
efficient of the ligand.

When the number of receptors on a cell is small, compe-
tition and rebinding are negligible and the effective rate co-
efficients and fundamental rate constants are essentially
equal. As the number of receptors becomes large the effec-
tive forward rate coefficient for binding to a cell saturates
because of competition effects and the so-called diffusion
limit is approached:

lim Rk, — k. (5a)

Rox
As Rk;, the effective forward rate coefficient for the entire
cell approaches a finite limit, k;, — 0. In this limit, compe-
tition dominates and the effective forward rate coefficient for
a single receptor goes to zero. Large receptor densities also
cause rebinding effects to slow dissociation. In the limit of in-
finite receptor density, ligands never escape the cell surface:

(5b)

lim k&, — 0.
Rox
The difference between k  and £, is solely a result of re-
binding (Berg, 1978). We can therefore define the following
useful quantities:

k

T

1
kg 1+ Rk Jk,

(62)
= fraction of dissociations that escape
(1- k)< R
k) 1+ Rk /k
off on/ + (6b)
= fraction of dissociations that rebind
and
_ k. 4wDa
YT Rk, Rk,
(60)

= ratio of escape to rebinding probabilities

Autocrine binding

Consider a cell that secretes a ligand at a rate S and has
receptors on its surface that can bind the ligand. Let the
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secretion occur through a mechanism that releases ligands
uniformly over the cell surface. A ligand released from
the cell surface through secretion or through dissociation
from a receptor will have the same probability of rebind-
ing, which is given by Eq. 6b. Therefore, in the presence
of secretion, the modified chemical rate equation, Eq. 3,
becomes

B=kIR — kB + (1 — k/k)S. )

If the only source of ligand is the cell’s secretion, then,
far from the cell, the ligand concentration will be neg-
ligible and L = 0. Note that, in the steady state (B = 0
and S = constant), Eq. 7 predicts that, for an isolated cell
in the absence of an external source of ligand, B = KRS/
4mDa, where K = k_ /k . This is the result obtained by
solving the diffusion equation. Autocrine binding has pre-
viously been modeled by using Brownian dynamics simu-
lation techniques, compartmental analysis, and a model
that is a hybrid of these (Forsten and Lauffenburger, 1992,
1994a, b). The simplicity of Eq. 7 is attractive, but a com-
parative study of the published autocrine binding models
is needed before definitive comments about their relative
merits can be made.

Two receptor populations binding the
same ligand

Consider a cell that has on its surface two receptor popula-
tions, type 1 and type 2, that bind the same ligand with dif-
ferent rate constants. We can think of all dissociations from
type 2 receptors as acting as sources for type 1 receptors, i.e.,
S, = —B,. Therefore, from Eq. 7,

B, = kLR, — kyB; — (1 = ky/kys)B, (8a)
and, similarly,
B, = kLR, — kB, — (1 — ky/kye,)B,. (8b)

We see from these equations that the presence of a second
receptor population influences the binding to, and dis-
sociation of, ligands from the first receptor population.
For example, in a dissociation experiment, ligands dis-
sociating from population 2 (B, < 0) will contribute a
positive term to Eq. 8a and slow dissociation of ligands
from population 1.

We show in the Appendix that when type 1 and type 2
receptors have identical fundamental rate constants Eq. 8, a
and b, reduces to Eq. 3.

THE DIFFUSION-REACTION PROBLEM

Let a cell of radius a be centered at the origin of spherical
coordinates. The evolution of the ligand concentration at ra-
dial distance r > a is governed by the diffusion equation,

D
8L =—53,r%,L. )
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At the surface of the sphere, r = a, this equation is subject
to the boundary condition that the net flux into the sphere is
equal to the rate of change of the bound ligand concentration:

4ma’D3 L = B. (10a)

The reaction rate can be expressed in terms of the funda-
mental rate constants and the ligand concentration at the sur-
face L, = L(a, t):

B=k,LR—kgB.

on"—a

(10b)

The boundary condition, Eq. 10a, is a continuum represen-
tation that distributes the effects of the receptors uniformly
over the cell surface. In this we depart from others who have
regarded receptors as discrete absorbing patches distributed
randomly on a reflecting surface (Zwanzig and Szabo, 1991).
In summary, our fundamental model is based on three as-
sumptions. (1) Outside the cell, the ligand obeys the diffusion
equation, Eq. 9. (2) For all time there is radial symmetry; one
small area on the cell surface is the same as any other. (3)
At the cell surface, reaction between ligands and receptors
is governed by a local statement of the law of mass action.
In practical terms this means that reacting species can be
regarded as well mixed over distance scales that are small
compared with the cell radius.

Far from the cell we require that the ligand concentration
become independent of position. This leads to the Dirichlet
condition:

lim L(r, f) = constant = L. an

r-»c

The initial condition compatible with Eq. 11 is
L(r, 0) = constant = L. 12)

The total number of cell surface receptors is conserved. This
means that Eq. 2a still holds, except now R, R;, and B are
surface concentrations.

In the present problem, ligand is neither internalized nor
degraded. Thus, the total ligand (free in solution plus bound
to the cell surface) is a constant in time, and

47 f L(r,r*dr + B(t) = 47 f LrAdr+B,, (13)

where B, is the initial level of bound ligand.

Eq. 13 can be obtained directly by integrating the diffusion
equation, Eq. 9, and applying the boundary conditions, Eq.
10, a and b. Rearranging the conservation law for ligand,
Eq. 13 becomes

47 f (L(r,t) — L)yr*dr = (B, — B(¥)). (14)

THE METHOD OF WEIGHTED RESIDUALS

We now approximate the partial differential equation for the
reaction of diffusing ligands with receptors on a surface by



Goldstein and Dembo

a simpler problem involving only a finite number of ODE.
A general framework for accomplishing this is the MWR
(Fletcher, 1984). To apply this method to the present problem
it is convenient to introduce the following nondimensional
variables corresponding to distance, time, and ligand
concentration:

x=rla, v=Dta?, €=4ma*L — L). (15)

In terms of these variables the diffusion equation for ligand,
Eq. 9a, becomes

1
3.4 = Z a.x% <. (16a)
The boundary conditions at x = 1 and x = ® are
8.6 =B =k, (£(1, 7) + OR — k4B, (16b)
and
lim €(x, 1) = 0. (16¢)

x—®

In these equations we have introduced the following
notation:

5o 4B k,,
= — K=
dr’ °* (4mDa)’
T (4mDa) (16d)
kga® - _
Kot = °;f)a , {€=4ma’L.

The initial conditions for nondimensional free and bound
ligand are

£(x,0) =0, and B(0) = B,. (16¢)

Integrating Eq. 16a over the volume outside the unit sphere
and applying the boundary conditions we obtain

a, J. £(x, x* dx = f 3.x% €
1 1

= x%3,£(x)1” = —B.
1 N

an

Integrating Eq. 17 with respect to 7 and using the initial
conditions we derive a nondimensional form of the conser-
vation law for mass:

f €(x, T)x* dx = —(B(7) — B,). (18)

The next step in the MWR is to separate the problem of
satisfying boundary conditions and constraints from the
problem of satisfying the partial differential equation itself.
This is done by expanding the dependent variable in terms
of a set of generalized basis functions, y5,(x). Thus, we write
the ligand concentration as a sum of the form

€, 1) =€,067) + 2 o (DY (x)- 19
k=1
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The leading term in this expansion, the particular function €,
is chosen so as to identically satisfy the boundary conditions,
Eqgs. (16b) and (16c), and the conservation law, Eq. (18).
Thus, the i, which are independent of 7, need to satisfy only
the homogeneous form of the boundary conditions and con-
straints. For the current problem the homogeneous boundary
conditions imply that the partial derivatives of the s, with
respect to x must vanish at x = 1 and that the functions
themselves must vanish at x = . The homogeneous form of
the integral constraints of mass conservation implies that, for
all &,

f Y, (x)xrdx = 0. (20)

Note that because of this equation all the s, must approach
zero as x approaches infinity faster than 1/x°>. We conclude
that a reasonable way to construct the basis functions is by
taking linear combinations of three consecutive powers of 1/x
in such a way as to satisfy these requirements. Without loss
of generality we can also take Y, (1) = 1. It can be easily
verified that the basis functions obtained by this procedure
are

- — —(k+3)
¥, k(k + 3)x @1
+ (k + 1)(2k + 5)x~ &+ —(k + 2)2 x &),

wherek=1,2,---.

Because of the required properties of y, and €, Eq. 19 will
always satisfy the boundary conditions and the conservation
of mass for any choice of the amplitude coefficients, a, (7).

In practice, the infinite sum in Eq. 19 must be truncated.
Let us keep matters simple by seeing what happens when we
include only one term in the expansion, i.e.,

o, 1)~k =€,x 7+ a@Pk). (22

Substituting Eq. 22 into both sides of Eq. 16a and subtracting,
we obtain an equation for the so-called first residual:

R ={,+ a,(D(x) — ¢, — (D (x), (23a)
where,
1
¢p = P 9,x? axep. (23b)
and
1
d’l = ? axxzax llll . (23C)

We define two functions, f{x) and g(x), as being orthogo-
nal if the inner product,

(Lo =(f)= f fx)g(x)x* dx, 29

is identically zero. The only function that is orthogonal to a
complete set of functions is the zero function. Consequently,
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we obtain the best approximation to the solution of our
boundary value problem by choosing the time-dependent co-
efficient a; such that R, is orthogonal, or nearly orthogonal,
to as many members of a complete set of weighting functions
w; as possible.

A simple choice for the weighting functions in our
problem is

w=G+Dxd  j=0,1,2-" (25)

The fact that this set is complete follows from the existence
of the Laurent expansion for any function, analytic on the
exterior of the sphere and vanishing at infinity.

Notice that the w; have a natural ordering and that they are
bracketed at one extreme by the constant function w, = 1 and
at the other extreme by the delta function w, = 8(x — 1).
Thus, to make R, nearly orthogonal to a large number of w;,
it is a good strategy to choose the adjustable parameters so
that R, is orthogonal to w, and w.,,.

Much of the art of efficiently using the MWR lies in the
construction of the particular function, £,. In general, we
would like a way to pick particular functions that work for
all geometries and does not rely on deep insight or great
cleverness. Our approach is to require that £, be an eigen-
function of the diffusion operator, i.e.,

1 2 2
50,5°0.8, = B, (26)

In the current example this implies that € is of the form

(a,/x)exp(—Bx) + (ay/x)exp(+Bx), @7

where a,, a,, and f3 are arbitrary functions of 7. These func-
tions are then determined by requiring that the boundary
conditions and the conservation of mass be exactly satisfied.
This leads to the result

-B
¢, = a+px exp(—Bx — 1)), (28a)
where
. B
F=\Bm-30) (280)

Kinetic equations for cell surface binding

The N = 0 approximation

The simplest approximation for € is obtained by setting
a; = 0in Eq. 22, i.e., taking € ~ €.

Substituting the expression for €, Eq. 28a, into Eq. 16b
we obtain

B =k, (—=B/(1 + B) + )R — k4B (29a)
or, after rearranging terms,
) K _
B=——=__ _gp Kot B. (29b)

T+ e R+ B T T+ RO+ B

This result is similar to the ad hoc result, Egs. 3 and 4, a and
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b, except for the factor of 8. The two results become identical
only if we set 8 = 0. The presence of 8 in Eq. 29b produces
an improvement over the ad hoc result at small times (cf.
comparison between approximate and exact results, below).
At large times, 3 approaches zero and Eq. 29b reduces to the
ad hoc result. In the Appendix we present a class of particular
functions that lead directly to the ad hoc approximation.

The N = 1 approximation

To obtain the first order correction to Eq. 29b we begin by
taking the inner product of R,, Eq. 23a with w,, and w,.

a (1, ¢) = —(1, Ep) +41, ¢p> + (1, ¢;). (302)
(8 — 1), ) = —(8x — 1), £,) + (80x — 1), &)
+ a,(8(x — 1), ¢y).

After evaluating the inner products it is easy to see that Eq.
30a is identically zero. This comes about because the par-
ticular function and the basis functions already satisfy con-
servation of mass exactly (Egs. 18 and 20). Evaluating the
inner products in Eq. 30b and noting that ¢, (1) = —38, we
obtain

(30b)

d
E-(al +¢£,(1) = B*£,(1) — 38a,. 3D

Letting €, = o, + €,(1) and substituting €,(1) = —B/(1 +
B), Eq. 31 becomes

€, = —(B + 38)B/(1 + B) — 38¢,, (32a)

where B is given by Eq. 28b. This equation is coupled to
the equation for B that is obtained by substituting €(1, 7) ~
£,(1) = ¢, into Eq. 16b.

B =k, (£, + O)R — kB,

where, from Eq. 2a, R = R; — B.

From Eq. 16, it follows that Eq. 32, a and b, are subject
to the initial conditions €, = 0 and B = B,

To better understand the physical meaning of Eq. 32, a and
b, it is useful to translate the equations into dimensional form:

(32b)

Vd(L, — L)/dt = —dB/dt — (38DV/a*)(L, — L) (33a)
dBjdt = k L.R — k4B (33b)
where
14 _ a+pB
4ma® (38 + B2 (330)

D(B — B,) + 3\/D(B — B,)a’dB/dt

38D(B — B,) + a’dB/ds

In this form one can see the direct analogy between the result
of applying the MWR and a standard three-compartment
analysis of ligand binding. In the latter analysis there is li-
gand bound on the surface, ligand in an intermediate layer
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immediately adjacent to the cell, and ligand in the bulk so-
lution (see Fig. 1). The quantities L, and V correspond to the
concentration and volume of the intermediate compartment
and the quantity 38DV/a® corresponds to the transport co-
efficient between the intermediate layer and the bulk.

The benefit of the MWR lies in that the transport coef-
ficients of the compartment model are directly expressed in
terms of the known physical variables. In addition one can
see that the volume of the intermediate compartment is not
a constant but depends on the instantaneous rate of bind-
ing through dB/dt and on the past history of binding
through B — B. Notice that at small times B — B,, ~ tdB/dt
and V/(4wa*) — \/Dt/(4a?). This means that there is an
integrable singularity at ¢ = O in the equation for dL /dt,
Eq. 33a. At large times a’dB/dt is small compared with
D(B — B,) and V/(4ma®) — V3s. The characteristic time
for the transition from one regime to the other is 1, =
a*/(4D). In many applications this time will be short and
in these cases it will be a good approximation to take V as
a constant equal to 4ma®/38, i.c., the width of the intermediate
compartment equal to a/38. In this limit, the term in Eq. 33a
describing diffusive transport between the intermediate
and outer compartments equals —4ma*D(L, — L)/a, indi-
cating that the characteristic diffusional length equals the cell
radius.

To recover the ad hoc approximation we need to assume
not only that V = constant but that the intermediate com-
partment is also in quasi-equilibrium; dL /dt ~ 0 in Eq. 33a.
Under these conditions, L, ~ L — B/(4mDa). When this result
is substituted into Eq. 33b, we directly obtain the ad hoc
approximation.

Comparison between approximate and
exact results

Irreversible binding

We now compare solutions to the approximate equations we
have obtained with exact solutions of our fundamental equa-
tion, Eq. 16a, for two special cases of the boundary condi-
tions. The first case, irreversible binding, corresponds to the

FIGURE 1 The geometry of a three-compartment model. The volume of
the intermediate compartment V = 4m(a + h)® — 4ma®. After an initial
transient V = 47a*/38. On the surface of the cell of radius a the concentration
of bound ligand equals B. In the intermediate compartment,a<r<a + h,
the ligand concentration is L, and outside this compartment, r > a + h, the
ligand concentration equals Z, the bulk value.
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boundary condition of constant positive concentration, L =
constant > 0 at r = oo, and to the boundary condition of
irreversible binding at r = a:

. 4mDa
4mwDa% L =B = T L(a, 1) (34)

where vy = 4wDa/(kR) is the ratio of the escape probability
to the rebinding probability (see Eq. 6¢). Although this case
is highly unphysical, we discuss it because it allows for a
simple test of our approximate equations.

In the case of irreversible binding, where initially B = O,
the exact solution is (Collins and Kimball, 1949)

B(t)=1¢ f ®(7)dt 35
0
where ®, the nondimensional flux, is:
b= ! 1+ ! ¥ erfl 36
=T\l T e erfely) (36a)
y =1+ 1/y)? (36b)

We shall use the subscripts exact, MWR,, and AH to refer
to the solution of the diffusion equation, Eq. 16a; the solution
of Eq. 29b, which is the N = 0 approximation in the MWR;
and the solution of Eq. 3, which is the ad hoc approximation.

At short times, 7 < 1:

1 2
Dot~ ~ \—fw_yz\/; (372)
1 1 :
Prw, ~ = 2 VT (37b)
1
(DAH = m . (37C)
At long times, 7> 1:
b~ 1 _ 1 1 18
=14y 1+ /7 (35a)
1 1—vy 1
<I>MWR0~1+7—1+7\/; (38b)

The flux in the ad hoc approximation is a constant that
equals the limit that the exact result approaches at long times.
However, at short times the ad hoc result, Eq. 37c, has the
wrong limit. This is not surprising inasmuch as, at T = 0, the
ad hoc equation is incorrect. Initially the ligand concentration
is uniform just as in a well mixed system and therefore the
binding is characterized by the fundamental, not the effec-
tive, rate constants. The MWR,; solution has the correct short
and long time limits. At long times the second order term
approaches the exact result for y < 1, but for y = 1 is of
the wrong sign.



1228

Dissociation from a cell with a constant free
receptor concentration

A second exact solution exists for the case of dissociation of
bound ligand when the free receptor concentration, R, is con-
stant, which holds approximately when R} 3> B, In this case
the boundary condition at r = « is L = L = 0. After lin-
earizing the reaction rate, we obtain for the boundary con-
dition at r = a:

wDa

4 K
2 = 2 = _———
4mDa’3 L = B (L(r,t) 41ra3B > 39
In the above equations, v is as defined previously (Eq. 6¢)
and

k = 4ma’kq/(k,,R) (40)

is a nondimensional dissociation constant.
When the initial bound ligand is B, the exact solution is
(see pp. 349-350 in Carslaw and Jaeger, 1959)

Ber) 2xB(0) e ™ du a1
(n= T J, [Py + 1) — kP + [vi® — xuP’ @1
At short times, 7 < 1:
Bt (K 42
o " (422)
B
SO (42b)
BO
B,y K
?0~1_1+‘YT‘ (42C)
At long times, 7 >> 1:
Bexact 1 3(27 +2 - K)
B, 2kmRpR 4i2qliieor (43a)
Byw K
B, ~ exp(—l Ty ) (43b)
B, K
ITO = exp(— 7 yT). (43c)

Again, at short times the MWR,, solution goes to the cor-
rect limit whereas the ad hoc solution does not. The ad hoc
and MWR, equations, Eqgs. 9 and 29b, differ only at short
times, T < 1. If the change in the bound ligand concentration
is negligible during this transient period the MWR, and ad
hoc solutions will be identical. From Eq. 42a, we see that this
occurs when k/y < 1. When this condition is met, we can
set B = 0 in Eq. 29b and Eq. 33c. In Fig. 2, a and b, where
v/x = 10~* and 1072, the exact, ad hoc, and MWR, solutions
all agree at short times. In Fig. 2, ¢ and d, where y/k = 1 and
10, there is no longer agreement at short times between the
ad hoc and MWR,,.

At long times neither of the approximate solutions predict
the correct behavior. Both predict exponential decay,
whereas the decay of the exact solution is proportional to
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FIGURE 2 Comparison of exact and approximate solutions for dissocia-
tion of ligand from cell surface receptors. The solid curves are the exact
solutions of the diffusion equation, Eq. 41, when the concentration of free
receptors is assumed to be constant and the binding is reversible. The dot-
dash curves (- - -) are solutions of Eq. 29b, the first approximation obtained
by using the MWR, and the dashed curves (- - -) are solutions of the ad hoc
approximation, Egs. 3 and 4, a and b. In a and b, the ad hoc and MWR,,
solutions are indistinguishable. (a) y = 1 and « = 0.0001. () y = 1 and
k=00l (c)y=0landx =1.(d)y = 001 and x = 10. 7 = Dt/a’ is
the nondimensional time, k = 4ma’k /(k R) is the nondimensional dis-
sociation rate, and y = 4mwDa/Rk,, is the ratio of the escape probability to
the rebinding probability.

7 %2, The time that characterizes the transition from expo-

nential decay (and the validity of the approximate solutions)

to 772 decay (and the failure of these approximations) oc-

curs when the two terms on the right of Eq. 43a are of equal

magnitude. Calling this nondimensional time 7* we have
3 3D 3

L,_3y+1) 3_3D 3

K 2 a%k 2 (@44

where k, is the effective reverse rate constant given by
Eq. 4b.

Eq. 44 shows that if dissociation of ligand from cell sur-
face receptors is slow compared with diffusion away from the
cell, i.e., if 2D/a® > k_, then 7* > 1. This means that both
the MWR, and the ad hoc treatments will be excellent ap-
proximations over the wide range of times 0 = 7 = 7*,
However, the approximations will break down after a very
short time when ligands rapidly dissociate and slowly dif-
fuse, i.e., when k, > 2D/a’ or, equivalently, 2(y + 1)/x <
1. In Fig. 2, a and b, where 2(y + 1)/k = 2 X 10* and 2 X
10?, the exact and approximate solutions agree to within a
few percent until 0.01% or less of the bound ligand remains
on the cell surface. In Fig. 2, ¢ and d, where 2(y + 1)/« =
2.2 and 0.22, the breakdown in the approximate treatments
occurs much sooner.

For association, the MWR,, is a good approximation at
both short and long times for all parameter values. The ad hoc
approximation fails to give correct behavior at short times if
v < 1. Comparisons with exact solutions in the case of dis-
sociation provide a more stringent test of the two solutions.
Both the MWR,, and the ad hoc approximation fail at suf-
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ficiently long times, but at least the MWR,, is always correct
at short times. One might hope to extend the validity of the
MWR, to longer times by including additional terms in the
expansion. However, we have found that including only a
single additional term, i.e., the MWR,, and simultaneously
solving Eq. 32, a and b (results not shown), does not produce
the hoped for improvement. This means that inclusion of an
intermediate compartment as in Fig. 2 simply improves the
solution where it is already quite accurate but does not sig-
nificantly improve the behavior of the solution at long times
in cases where the MWR, is bad. This is true even if the
intermediate compartment is chosen in an optimal fashion.
We conclude that the added complexity of including a few
intermediate compartments in the description of ligand bind-
ing is rarely justified.

DISCUSSION

To predict how the concentration of ligands bound to cell
surface receptors changes in time requires knowing the con-
centration of free ligands at the cell surface. Because recep-
tors are not uniformly distributed in space but confined to
cells, the free ligand concentration will not be uniformly
distributed in the volume outside of the cells, except possibly
at the start of the experiment and at equilibrium. This means
that in general one must solve a diffusion-reaction problem
to determine the time development of the bound ligand con-
centration. As we have formulated the problem, outside of
the cell the free ligand concentration obeys the diffusion
equation, Eq. 9, far from the cell it is constant, and at the cell
surface the net diffusive flux of ligands into the cell equals
the rate of change of the bound ligand concentration, Eq. 10b.
To solve the diffusion equation with its nonlinear boundary
condition at the surface requires numerically solving the par-
tial differential equation.

Starting from the diffuse-reaction problem we have in-
troduced an approximation scheme based on the MWR that
allows us to convert the problem to that of solving a set of
coupled nonlinear differential equations. In the simplest ap-
proximation (MWR,), we obtain a single differential equa-
tion, Eq. 29b, which can be thought of as a chemical rate
equation with effective rate constants. The effective rate con-
stants are functions only of the free receptor concentration,
except during an initial transient period when they are also
functions of the instantaneous rate of binding and the amount
bound or dissociated since the start of the experiment. The
transient lasts for a time ¢t ~ a%/D, where a is the cell radius
and D is the ligand diffusion coefficient. For typical cells,
a ~ 5 X 107* cm, and the transient period is at most a few
seconds long, even for large proteins, D ~ 1077 cm?s. If
binding is negligible during this time, the effects of the tran-
sient can be neglected and the MWR, reduces to the ad hoc
approximation, which is discussed in the second section of
this paper. When ligands dissociate from cell surface recep-
tors the approximate solutions we have discussed all predict
that at long times the decay of the concentration of surface
bound ligand will be exponential. This is incorrect; solution
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of the diffusion equation shows that eventually the decay of
surface-bound ligand will go as 2. However, if diffusion
away from the cell is fast compared with dissociation from
the cell surface, then the onset of the £~>2 decay will not occur
until dissociation is essentially complete. In this parameter
range the MWR, gives excellent results until less than 0.01%
of the initially bound ligand remains on the cell surface. (See
Fig. 2, a and b). If diffusion is slow compared with disso-
ciation, then only at short times is the MWR,, valid (see Fig.
2, ¢ and d).

We have also demonstrated how to extend the MWR to
obtain higher order approximations. In particular, we ob-
tained one such approximation that required the solution of
two coupled ODE. We showed that after an initial transient
the equations corresponded to those one would obtain in a
standard three-compartment analysis, the three compart-
ments corresponding to surface-bound ligand, free ligand in
a layer adjacent to the cell, and ligand in bulk solution (see
Fig. 1). What is novel about our result is that it specifies the
volume V of the inner compartment to be 1/38 of the volume
of the cell. (This value, 1/38, comes from our choice of basis
functions, Eq. 21. Other basis functions would give other
values, but the basis functions we chose are the natural ones
for a spherical geometry.) In the standard compartmental
analysis treatment, V is taken as a free parameter. However,
we have found that this extension of the MWR does not
significantly improve the solution in cases where the MWR,,
is a poor approximation.

Although we have focused on the binding of ligands to
receptors on a spherical cell, the MWR can be used in any
geometry, even when the diffusion equation has no steady-
state solution. It can be generalized to more complicated
binding problems as well. We have shown this in the Ap-
pendix where we have treated the problems of autocrine
binding and binding to cells with two different receptor popu-
lations on their surfaces. We expect that the method will find
additional applications.

APPENDIX
Obtaining the ad hoc result from the MWR

Consider the following set of particular functions:

¢ = %cxp(—B(x —1)  n=z=2 (A1)
From the boundary condition at x = 1, Eq. 16b, we have that a, = B
and therefore €,(1, 7) = —B. Using only the particular function, Eq. A1,
to approximate £(1, 1), Eq. 18, we have £(1, 1) ~ —B. Substituting this
expression for £(1, 7) into Eq. 16b and solving for B we obtain the ad
hoc result.

Two receptor populations binding the
same ligand

When there are two receptor populations on the cell surface that bind the
same ligand the boundary condition, Eq. 16b becomes

8=B=B +B8B, (A2a)
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where
B, = k0o (€(1, 7) + DR, — KB, (A2b)

and B, satisfies a similar equation. Choosing a particular function as before,
Eq. Al, that satisfies the boundary conditions we have £(1, ) ~ —B. Sub-
stituting into Eq. A2b we obtain

B, = kin(—B, — B, + O)R, — KkyouB;. (A3)
Solving for B, we obtain

_ Kloan
U1+ kR,

Kion 7 _ Kioft
V14 KR,

B, = 1+ xR,

B,. (A4)

Eq. A4 is the nondimensional form of Eq. 8a.

Autocrine binding

Consider a cell that releases at a constant rate S ligands per second. The
nondimensional rate of release is s = aS/D. If we let B, = s in Eq. A4, we
obtain the nondimensional form of Eq. 7.

The equations for the two receptor population
model reduce to the single receptor population
model when the rate constants are identical

Using Eq. 8b to eliminate B, from Eq. 8a and rearranging terms, one obtains
Bl(l +8,8,)=01+ 82)(km1m1 — keBy) — Sl(konzmz — kwBy), (A52)
where 8, = Rk ./k,. Similarly,
Bz(l +8,8,) = (1 + &)k, LR, — kmBy) ~ az(konliRl = ko By (Asb)
Adding Eq. AS, a and b, and setting k,, = k., = Kk, kg = Koep = ko R =
R, + R, B =B, + B,,and B = B, + B,, we obtain

1+ 8,8)B=k,IR—k4B. (A6)
Dividing through by (1 + §,8,) we obtain Eq. 3.
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